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Abstract 
The "band" s t ruc tu re  which is discernable  i n  the c r y s t a l  
l e v e l  s t ruc tu re  of the large J second half rare earth i n  
cubic c r y s t a l  f i e lds  is discussed. I n  the compounds which 
are considered the p r inc ipa l  s t a t i c  and dynamic proper t ies  
are determined by the propert ies  of the  low energy band. 
The s p i n  waves i n  these substances cons is t  of both longi tudin-  
a l  and t ransverse varieties, and expressions f o r  
r e l a t i o n s  are obtained. 
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I. Introduct ion 
A t h e o r e t i c a l  analysis (Trammel1 1963) of the ground state 
properties of the rare earth in t e rme ta l l i c  compounds (anion i n  
the ni t rogen column) (Chi ld  et e. 1963) led t o  the ,conclusion 
that i n  these materials the "exchange f i e l d s "  responsible  f o r  
their magnetic order ing are small r e l a t i v e  t o  the c r y s t a l l i n e  
-- 
f i e l d s  ac t ing  on the rare earth ions. The analysis ind ica t e s  
that  f o r  the second half rare earths the exchange energy per 
ion  i s  near ly  an  o r d e r  of magnitude less than the c r y s t a l l i n e  
f i e l d  sp l i t t ing .  Satisfactory quan t i t a t ive  agreement wi th  
experiment was obtained upon assuming that the c r y s t a l l i n e  
f i e l d  exhibited cubic point  symmetry. Possible  experimental 
evidence f o r  a small non-cubic component of the f i e l d  i s  s t i l l  
inconclusive 
We intend t o  discuss  c e r t a i n  general  features of the low 
ly ing  exc i t a t ions  which may be expected i n  these materials. 
More d e t a i l e d  t h e o r e t i c a l  treatments must await f u r t h e r  experi-  
mental information. 
I n  the nota t ion  of A we take f o r  the Hamiltonian 
We break H i n t o  two p a r t s ,  H = Ho + H, , where 
and 
Ho represents  the e f f e c t i v e  f i e l d  o r  self cons i s t en t  approx- 
i m t i o n  t o  the Hamiltonian, while H1 represents  the e f f e c t  of 
corre la t ions .  
& 
3. 
The condi t ion f o r  the best product wave funct ion approx- 
imation t o  the ground state of H, ~ o = @ a = ~ w ~  , leads t o  the 
I 
Hartree -Pock self cons is ten t  f i e l d  equations 
where i n  (5) the expectat ion value i s  that f o r  the state wOJ 
which corresponds t o  the lowest eigenvalue goj of eq. (4) .  Here- 
a f te r ,  i n  o rde r  t o  s implify the discussion, we shall assume that 
the Hartree-Fock ground s ta te  i s  ferromagnetic s o  t ha t  the a l ign -  
ment of each ion  i s  the same and eqs. (4) and (5) are independent 
o f  the index i. 
11. Crystal F i e l d  Bands 
Before consfderfng the e f f ec t  of H1 i n  determining the pro- 
perties of the ground and excited states we must b r i e f ly  re- 
c a p i t u l a t e  some of the r e s u l t s  obtained i n  A concerning the eigen- 
states of Hoe We were %here faced w i t h  the diagonal izat ion of 
(eq. (4)) 
hJ8) c = Vc - B* c J . 
For the large J rare earths the f u l l  diagonal izat ion of ho 
f o r  a range of values of  the ef fec t ive  f i e l d  B, and the parameters 
of  Vc c a l l s  f o r  the use of high speed automatic computers, and 
White and Andeline (1%9), and Ebena and Tsuya (1960) present  
tables and graphs of the  results of such computations f o r  the 
various rare earths i n  cubic crystal fields. However, simpler 
methods s u f f i c e  t o  determine the low lying states f o r  the small 
B ' s  which are of p r inc ip l e  concern t o  us. 
. .  
4 
The high and low lying states of Vc form bands which f o r  
large J are well  separated f rom the remaining states. 
matrix of 2 i n  the representat ion which diagonal izes  Vc con- 
sists of large, low frequency components wi th in  the low energy 
band (say) ,  and small high frequency components between a state 
i n  the band and one not i n  the band. The B ' s  which occur i n  our 
compounds are such that BJ i s  of the order  of o r  smaller  than 
the low energy band w i d t h .  The p r inc ipa l  e f f e c t  of such B ' s  on 
the low states of ho i s  t o  only cause appreciable  intermixture  
among the s t a t e s  of the low energy band, the e f f e c t  of the other  
states of Vc being ignorable o r  represent ing  a small perturbat ion.  
The physical  s ignif icance of the band is best shown by an  
The 
example. 
j u s t  i ts four th  order  component 
Suppose the cubic po ten t i a l ,  Vc, is represented by 
Let Imx) represent  the eigenstate  of Jx w i t h  eigenvalue m, and 
s f m i l a r i l y  def ine the quant i t ies  f o r  the f i v e  other Cartesian 
d i r ec t ions .  
where i runs over the 6 Cartesian d i r ec t ions  obviously form the 
six fo ld  degenerate ground s t a t e s  of (7) with energy 
In  the c l a s s i c a l  l i m i t  of i n f i n i t e  J the states \Ji) 
For f i n i t e  bu t  large J's l i nea r  combinations of these s i x  states 
still are the pr inc ipa l  components of the ground state, b u t  their  
degeneracy has been (par t ia l ly)  l i f t e d  by the non-vanishing 
overlap i n t e g r a l s  *' 11 
.. 
. 5.  
I n  ou r  example, s ince  each state overlaps four  o ther  states, the 
band w i d t h  i s  of the order 
On the o ther  hand, the next higher "band" should be formed from 
the states w i t h  m = J-1, giving 
Thus f o r  large J'a the band w i d t h  t o  l e v e l  spacing r a t i o  f o r  
the lowest band should be about 
The interband spacing has, of course, a s igni f icance  i n  the 
c l a s s i c a l  l i m i t  as a precessional  frequency, while the i n t r a  
band splittings are of purely quantum o r ig in ,  represent ing the 
p o s s i b i l i t y  of quantum mechanical tunneling between the various 
c l a s s i c a l  minima of Vc. 
For the a c t u a l  J's obtaining i n  the rare earths the above 
estimates serve only as rough quan t i t a t ive  guides .  For holmium 
w i t h  J = 8 the r igh t  hand side of (12) (which represents  the 
jumping frequency'' t o  "precessional frequency" r a t i o )  i s  1/16, 
whereas the a c t u a l  r a t i o  of the sextet band width  t o  the spacing 
t o  the next l e v e l  is about 1/10. According t o  A the sextet band 
w i d t h  i s  about 5s of the ove ra l l  c r y s t a l l i n e  f i e l d  s p l i t t i n g  fa?  
J = 8, and about 20$ f o r  J = 60 
t o  i n  the body diagonal d i r ec t ions  i n  the c l a s s i c a l  l i m i t )  
w i d t h  i s  about  20$ of the overa l l  c r y s t a l l i n e  sp l i t t i ng  for J = 8, 
and about 30$ f o r  J = 6 ( i f  we include only seven states i n  t h i s  
"octet") .  
li 
The o c t e t  band (corresponding 
The band w i d t h  increases  w i t h  overlap,  hence the i n -  
c ~ e z s e  in width as J decreases and i n  going from the sextet t o  the 
o c t e t  band, 
6, 
As discussed above the band sp l i t t i ng  is  a purely quantum 
effect;  s i m i l a r l y  the a c t u a l  l e v e l  groupings within the band 
depend upon the value of J. Thus, i f  J is  a n  even in t ege r  the 
sextet band cons i s t s  of a singlet, a doublet ,  and a t r ip le t ;  i f  
J I s  odd, two t r iplets ;  and i f  J i s  half a n  odd in t ege r ,  a 
doublet  and a quartet. The spacings and ordering of the multi-  
plets within the band are s imply  computed and depend upon the 
value of J (mod 4 ) .  
The u t i l i t y  of the band concept depends not  only upon the 
smallness of the w i d t h  t o  spacing r a t i o ,  but  a l s o  upon the 
closeness of the i d e n t i f i c a t i o n  of the band states w i t h  l i n e a r  
combinations of the ) J i )  functions.  For 52.6 the sextet band 
i n  the V4 p o t e n t i a l  contains  only a f e w  per cent  admixture of. 
other  states, From the seven states composing the "octet" f o r  
J = 6 one may construct  states for which(JI1&.4 (A) ,  i n d i -  
cating about a 259 contamination of the )6i) states. Con- 
s ide ra t ions  concerning the octet  band f o r  J = 6 have only a 
rough quan t i t a t ive  significance.  
111. Spin Waves 
Exchange energ ies ,  BJ, which are of the order of o r  smaller 
than the low energy band width w i l l  yield ground state ordered 
moments of mean square magnitude 
The inter-band states contr ibute  roughly J t o  the sum i n  (13), 
while the intra-band matrix elements cont r ibu te  the remainder. 
Interband e x c i t a t i o n s  from the ground state correspond t o  s p i n  
waves which have the qua l i t a t ive  properties of ordinary s p i n  
waves i n  materials w i t h  axial anisotropy, On the other  hand, 
. -  
7. 
v i r t u a l  intraband exc i t a t ions  give rise t o  a shor t  range moment 
c o r r e l a t i o n  i n  the ground state, and real intraband e x c i t a t i o n s  
give rise t o  
d i f f e r e n t  from the usual  ones. We r e s t r i c t  our a t t e n t i o n  t o  the 
i n t r a  band exc i t a t ions ,  which are of primary i n t e r e s t  and i m -  
11 s p i n  waves" whose p rope r t i e s  are q u a l i t a t i v e l y  
portance i n  these materials . 
The elementary exc i t a t ions  correspond t o  longi tudina l  
o s c i l l a t i o n s  of 
t i o n s  perpendicular t o  (J), which may be c l a s s i f i e d  as clock- 
w i s e  and counter clockwise precessions about ( J )o  (we assume 
a ferromagnetic ground state) 
parallel t o  (z>o, and t ransverse  o s c i l l a -  
In order t o  d iscuss  the departures from the Hartree-Fock 
ground state we rewrite the Hamiltonian (l), (2), and (3) i n  
the form 
operators  f o r  the states w: of eq, (4), and 
(15 1 J -nm - (wn, J - (,J>,,Wrn). 
I n  order  t o  obta in  an  approximate d iagonal iza t ion  of (14) we 
proceed i n  the familiar Bogoliubov manner (Bogoliubov 1957) re- 
t a i n i n g  only those terms i n  the second sum of (14) which connect 
t o  wo and woJ, then replacing go and a. by one and i n t e r p r e t i n g  
the remaining c rea t ion  and des t ruc t ion  operators  as boson 
operators.  Subtract ing off the Hartree-Fock ground state c o n t r i -  
bu t ion  we obta in  as an'approximation t o  (14) 
i 
_t 8. 
where en = en - eo, and the prime on the summation s igns  in -  
d i c a t e  that n and m are r e s t r i c t e d  t o  non-zero values. H1 can 
be diagonalized i n  a straight forward manner. 
Lonaitudinal Modes. eq. (5), w i l l  be i n  one of the 
p r i n c i p a l  cubic d i rec t ions .  Calling t h i s  the z d i r e c t i o n  then 
the states Wn having matrix elements of Jz with wo will have 
zero  matrix elements of Jx and Jy w i t h  this state. 
choose the phases of Wn such that (n IJzi 0)  
that there i s  only one such state which need be considered and 
l e t  (nlJzlO) = m. The part of HI determining the longitudln- 
a1 o s c i l l a t i o n  now becomes 
We may 
i s  real. Assume 
where we have d e l e t e d  the subscr ipt  n from (17). 
l i n e  of (17) we have expressed the a's and Z 1 s  i n  terms of the 
I n  the second 
usual  p 's  and q * s  t o  show that the longi tudina l  v ibra t ions  obey 
the same equations of motion as spring coupled l i n e a r  m c i l l a t o r s .  
Upon expressing q1 as a sum of plane waves, q i  = ,-1/2zgziK*Ri, - -  
K - and s i m i l a r l y  for p i  (17) becomes 
1 
where i n  the second l i n e  of (18) we have accomplished the d i a -  
gonal iza t ion  of Hfll. From (18) the d ispers ion  r e l a t i o n  for these 
waves is  given by 
- .  
* . 
9. 
For the shor t  range sp in  co r re l a t ions  i n  the ground state 
we have 
Transverse Modes, If the sextet band l ies  lowest (holmium 
o r  dysprosium f o r  the second half rare earths) then  the two 
c i r c u l a r l y  polarized transverse o s c i l l a t i o n s  are near ly  degenerate 
i n  frequency and may be replaced by two l i n e a r l y  polarized modes. 
Thus f o r  holmium the sexte t  band cons i s t s  of a singlet, 
8,+ 8,, + 8, + 8, + 8s + 8-y; a d o u b l e t ,  
82 + 8-,-1/2(8, + 8, + 8, + 8 y L  8, + 8, -(% + 8?); and a 
t r i p l e t ,  8, - 8-23 8x - 8,, 8s - 8,. Under the inf luence 09 
an  exchange f i e l d ,  E!, along the z axis say,  these states are 
mixed, the ground state taking the form 
The two t ransverse modes represent t r a n s i t i o n s  between wo and 
the states & - 8, 8, - 8,. The degeneracy of these l a t t e r  
states are l i f t e d  by the exchange, however, their  sp l i t t i ng  is  
only B(8,,JZ%) = B/32)which I s  negl ig ib le  compared t o  their  
d i s t ance  from the 9r0und s t a t e  = B (Jz>o. 
The d ispers ion  r e l a t i o n s  and other properties of these 
modes may be obtained from the expressions of the last sec t ion  
f o r  the longi tudina l  modes. 
If the lowest band is the o c t e t  then the r igh t  and l e f t  hand 
c i r c u l a r l y  polar ized transverse modes may d i f f e r  appreciably i n  
frequency , 
- a -  
10 * 
We put (w2y J+wo) = % y  (w3,J..wo) = m3 for the two states 
t o  which the t r a n s i t i o n s  take place (we suppose that only two 
states make appreciable contr ibut ions)  ml and 9 may be taken t o  
be real. We obta in  f o r  the Hamiltonian governing these motions 
t a i n s  f o r  the d ispers ion  r e l a t i o n  
2 
wK = [+ f e, +e3 - jm(rn;++f - cvlzb3 
Upon transforming (22) 
hamiltonian is  diagonal ized upon making the canonical t r a n s -  
formation ( A ~ K ,  A ~ K )  +(A:~. A&) where 
w i t h  u2 - v2 = 1, and letting u = cosh x 
As a f ina l  comment we not ice  that i n  general  the  frequencies 
of these o s i c l l a t i o n s  do not vanish when k-0. There i s  a n  
exception t o  this however. The lowes t  states i n  the o c t e t  band 
are a singlet and a tr iplet .  If the exchange f i e l d  i s  weak 
enough such that only these states need be considered (as i s  tk 
case f o r  thull ium i n  these compounds) then the s u s c e p t i b i l i t y  
i s  I so t rop ic ,  and the frequency of the long wave length t r ans -  
verse sp in  waves vanishes. 
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